Murty, in 1971, characterized the connected binary matroids with all circuits having the same size. We characterize the connected binary matroids with circuits of two different sizes, where the largest size is odd. As a consequence of this result we obtain both Murty's result and other results on binary matroids with circuits of only two sizes. We also show that it will be difficult to complete the general case of this problem.
Introduction
We consider the problem of determining the binary matroids with circuits of two different sizes. Murty [11] solved the motivating instance of this problem below, where the matroids considered contain circuits of a single size. The circuit-spectrum of a matroid M is spec(M) = {|C| : C ∈ C(M)}. A k-subdivision of a matroid is obtained by replacing each element by a series class of size k. 
Fig. 2. B(r, 2).
with spec(M) ⊆ {1, 2, 3, 4, 5}, and constructed all 3-connected binary matroids M with spec(M) ⊆ {3, 4, 5, 6, 7}.
We next give some terminology before stating the main results of the paper. This terminology mostly follows [12] . If M is a matroid, then the sets of circuits, hyperplanes, and series classes of M are denoted by C(M), H(M), and S(M), respectively. The series-connection of matroids M and N is denoted by S(M, N) [12, Section 7.1] . The binary projective geometry and binary affine geometry of rank r + 1 are denoted by PG(r, 2) and AG(r, 2), respectively. For an integer exceeding two, the binary spike of rank n, denoted by S n , is the vector matroid of the matrix consisting of all binary columns of length n with exactly one, n − 1, or n ones. The tip (cotip) of S n (S * n ) corresponds to the column of all ones. The Fano-matroid is S 3 . The four 3-point lines of the binary spike S 4 are shown in Fig. 1 .
The matroid B(r, 2) is constructed as follows. Add a point e of projective space to AG(r, 2), where e is outside the r + 1-dimensional subspace determined by AG(r, 2). Add a point of projective space to each line joining e to a point of AG(r, 2). The resulting matroid is B(r, 2) (see Fig. 2 ). Equivalently, B(r, 2) may be constructed by adding a single new point e of PG(r + 1, 2) to AG(r + 1, 2). The dual matroid B(r, 2) * is constructed as follows. Let C 0 , C 1 , C 2 , . . . , C r be a minimal set of circuits that spans the cycle space of AG(r + 1, 2) * with C 2 = E(M) − C 1 for some integer r exceeding one. If e is a new element of projective space, then B(r, 2) * is the matroid whose ground set is E(AG(r + 1, 2)) ∪ e and whose cycle space is spanned by C 0 ∪ e, C 1 , C 2 , . . . , C n . The element e mentioned above is called the tip (cotip) of B(r, 2) (B(r, 2 * )).
The first main result both generalizes Theorem 1.1 and has applications that provide information on the matroids with circuit-spectrum size two. A deletable series class in a connected matroid is one whose deletion from the matroid results in a connected matroid. The second main result provides a complete characterization of the connected binary matroids with a circuit-spectrum of size two in the special case that the largest circuit size is odd. 
We next note an attractive corollary of Theorem 1.3. 
(iii) B(r, 2) * , for some r ≥ 2.
In Section 2 of the paper we give a useful lemma that is of independent interest as well as an application of this lemma. In Section 3 we give a construction that is used in the proof of the main results. In Section 4 we prove Theorem 1.2, while in Section 5 we prove Theorem 1.3. Finally, an example showing the difficulty in extending our results to a complete characterization of the connected binary matroids with circuits of two different sizes is given in Section 6.
A useful result
We use the following result which may be known. If f ̸ = e, then (1) implies that ∑ g∈S x g = 0 when S is the series class of M \ f that contains e. Hence |S| ≥ 2 because
We arrive at a contradiction to (1) when
The following beautiful result of Basterfield and Kelly [1] and Greene [9] is a consequence of Lemma 2.1. Note that their result is more general in that they characterize the corresponding extremal matroids.
Corollary 2.2. If M is a simple matroid, then |H(M)| ≥ |E(M)|.
Proof. Observe that M * is a cosimple matroid such that |H(M)| = |C(M * )|. Consider the system having a variable x e for each element e ∈ E(M) and an equation for each circuit C of M * :
By Lemma 2.1, this system has only the trivial solution. Therefore the number of equations |C(M * )| is greater or equal to the number of variables |E(M)|.
Many papers have been written that provide partial characterization of the matroids that satisfy [2, 8] ). Dentice [6, 7] characterized these matroids for d ∈ {1, 2}.
A construction
We say that a binary matroid N is even when |S| is even for every series class S. Such a matroid has no coloops. Let N be an even binary matroid. For a set X disjoint from E(N), we say that M is an 
As |X S | = |S − X S |, it follows that
The straightforward proof of the next result is omitted. Observe that, when n = 3 in (ii) and r = 2 in (iii), we obtain the same matroid whose cosimplification is F * 7 (therefore we may suppose that n ≥ 4 in (ii)). Proof. There are pairwise disjoint circuits
As T is a series class of M and T ⊆ D − C , it follows that T is contained in exactly one D i , say D 1 . Then
Therefore n = 1 and C △ D is a circuit of M.
To prove the second part of this lemma, observe that
and the result follows.
We now prove the first main result of the paper. -subdivision of U 1,n , for some n ≥ 3. Let S 1 , S 2 , . . . , S n be the series classes of N. The cycle space of M is spanned by the cycle space of N together with a circuit C of M such that T ⊆ C . For i ∈ {1, 2, . . . , n}, let X i = S i ∩ C . We may reorder S 1 , S 2 , . . . , S n so that
Suppose that X 2 = X 3 = · · · = X n = ∅. As M is connected, it follows that X 1 ̸ = ∅. By Lemma 4.1,
and so X 1 = S 1 . Therefore T ∪ S 1 , S 1 ∪ S 2 , S 2 ∪ S 3 , . . . , S n−1 ∪ S n span both the cycle spaces of M and H, where H is a subdivision of U 1,n+1 having series classes T , S 1 , S 2 , . . . , S n . Thus M = H. Hence (i) follows. Now we assume that it is not true that X 2 = X 3 = · · · = X n = ∅. There is an m such that X m ̸ = ∅ and, when m ̸ = n, X m+1 = ∅. It follows from the assumption that m ≥ 2. Choose a 2-element subset {i, j} of {1, 2, . . . , n} such that i ≤ m. By Lemma 4.1, , it follows that 
Odd circumference case
We determine the connected binary matroids having a spectrum of size two in this section in the special case that the largest circuit size is odd. First we give two interesting lemmas. Proof. The matroid M has corank exceeding one as it has at least two circuits. If X is a subset of E(M) such that M|X is a coloopless connected matroid with corank two, then M|X is a subdivision of U 1,3 . So M|X must contain an even circuit. Therefore c is even. 
Proof. There are pairwise disjoint circuits
If |C 1 | = |C 2 | = c, then, by (4),
Hence n = 1 and so C 1 △C 2 is a circuit of M. Observe that |C 1 △C 2 | is even by (4) . Therefore |C 1 △C 2 | = c.
Hence n = 1 and (ii) follows.
If 
is spanned by C. Thus D is spanned by {C} ∪ C. Thus (ii) holds. Let K i be the binary matroid whose ground set is E(N i ) ∪ C ∪ e and whose cycle space is spanned by the circuits of N i together with C ∪e. 
An example
We next give some examples to show that the problem of finding all connected binary matroids with a circuit-spectrum of size two is very complex. In particular, the following proposition together with Theorem 1.1 allows us to construct many such matroids. Let M be the binary matroid whose cycle space is spanned by C(N
This identity can be rewritten as
In this case, C has 2c elements. We may * , where r ≥ 3, or are isomorphic to a 2 r−2 l-subdivision of U 1, 4 . In this case |E(N 1 )| = 2c so that the matroid M produced will have spec(M) = {2c, 2cd}.
Note that M(K 3,n ), for n ≥ 3, is a 3-connected graphic matroid having circuits whose sizes are equal to 4 and 6 only.
We end by giving another example that shows that the problem in general is complex. Let {C 1 , C 2 } be a partition of the circuits of F * 7 . Then there are even integers c 1 and c 2 satisfying c 1 < c 2 and a subdivision of F * 7 such that |C| = c i for every circuit C that is a subdivision of a circuit in C i . This may be true for the dual of other projective geometries, but to prove this we need to find positive integers c 1 and c 2 such that the solutions for the system are positive integers:
x e = c i , for every C i ∈ C i and i ∈ {1, 2}. Note that the system has integer solutions when c 1 and c 2 are multiples of the determinant of the system; however these integers may not be positive.
